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A B S T R A C T  

The Q-adequacy of any finite Galois 2-extension of Q is shown to depend 
only on the Q-adequacy of its maximal elementary abelian intermediate 
field, which must be either quadratic (and hence always Q-adequate) or 
biquadratic over Q. A precise description of those biquadratic extensions 
of Q which are Q-adequate is given. This then gives a method for ex- 
plicitly determining whether any given finite Galois 2-extension of Q can 
arise as a subfield of a Q-central division algebra. 
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1. I n t r o d u c t i o n  

This paper is concerned with a special case of the following question: If F is a 

field and L a finite extension of F,  does there exist an F-central division algebra 

D containing L as a maximal commutative subfield? If such a D exists, then 

L is said to be F-adequate; otherwise L is F-deficient. This question was first 

explored in depth in [S]. In this paper we present a complete answer to the 

question of which biquadratic extensions Q(v/m,v/n) of the rational numbers Q 

are Q-adequate. Using a result in [LSS] we show in Theorem 2.1 that biquadratic 

extensions are the key to determining Q-adequacy of any Galois 2-extension of 

Q. Thus this paper provides an explicit means for testing the Q-adequacy of any 

such extension. 

It is shown in IS], Theorem 2.8, that if G is a group for which every 

Sylow subgroup is cyclic, then every Galois extension L of a global field F with 

Gal(L/F) ~- G is F-adequate. Thus biquadratic extensions of Q represent the 

first level of difficulty where such an extension may be Q-deficient. 

2. Q-adequacy of  Galois 2-ex tens ions  

In this section we fix L to be a finite Galois 2-extension of Q with G = Gal(L/Q). 

Let (I)(G) be the Frattini subgroup of G, and let K be the subfield of L that is 

fixed by (I)(G). Since (I)(G) is a normal subgroup of G, it follows that K / Q  is 

a Galois extension. Since the quotient of a p-group by its Frattini subgroup is 

the maximal elementary abelian quotient of the group, it follows that K is the 

maximal elementary abelian extension of Q inside L. (See [HI, Chapter 12.2 for 

results on the Frattini subgroup of a p-group.) 

THEOREM 2.1: With the notation above, L is Q-adequate if and only if either 

[K : Q] -- 2 or K is a Q-adequate biquadratic extension of Q. 

Proof." First assume that L is Q-adequate. Then a result of Schacher ([S], 

Theorem 4.1) implies that G is metacyclic. It follows that 

[K:  Q] = [G: (I)(G)] _< 4. 

(See [LSS, Proposition 2.6(1)].) By [S], Corollary 2.3, if L is Q-adequate, then 

K is also (I~adequate. 

Now assume that either [K : Q] = 2 or K is a Q-adequate biquadratic extension 

of Q. If [K : Q] = 2, then Gal(K/Q) is cyclic, and it follows from [S], Theorem 

2.8, that K is Q-adequate. The proof is finished by using the following result 

proved in [LSS], Theorem 2.2 and Proposition 2.3. | 
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THEOREM 2.2: Let L be a Galois p-extension of a number field F,  and let K be 

the maximal elementary abelian p-extension o f F  inside L. Then L is F-adequate 

i f  K is F-adequate. 

Since the results in the following section describe explicitly how to determine 
Q-adequacy of biquadratic extensions, these results and Theorem 2.1 allow one 
to determine Q-adequacy of any finite Galois 2-extension of Q. 

3. Q-adequacy of  b i q u a d r a t i c  ex t ens ions  

The key result needed for determining adequacy of biquadratic extensions of 

global fields is the following, obtained from specializing IS], Propositions 2.1 and 

2.5, to the biquadratic setting. 

PROPOSITION 3.1: The biquadratic extension Q(v/m,v ~ )  is Q-adequate i f  and 

only i f  [Qp (v/m,v~): Qp] = 4 for two different rational primes p. 

Note that [Qp (v~,x/~):  Qp] -- 4 if and only if none of m, n, mn is a square in 

Qv" We can describe when this occurs in terms of congruence conditions mod 8 
and mod p for p I ran. To aid us in this description we recall the definitions and 
basic results of the Legendre symbol ([IR], p. 51) and the Hilbert symbol ([Se], 
pp. 19 20). 

I fp  is an odd prime and n is an integer relatively prime to p, then the Legendre 
symbol (p) is defined by 

( p ) = { l l -  otherwise.ifnisc~176176 

For integers m, n and a fixed prime p, the Hilbert symbol (m, n)p is defined by 

1 if the quadratic form (m, n) represents 1 over Qp, 
(m,n)p = - 1  otherwise. 

The Hilbert symbol is bimultiplicative. Also, if p ~ m n  and p is odd, we have 

while for p : 2, with m n  odd, we have 

(2, m)2 -- ( -1 )  ('~2-1)/s and 

and (m,n)p  = 1, 

(m, n)2 = ( -1)  ((m-1)/2)'((~-I)/2). 

We use these properties along with the following proposition ([G], p. 71) to 

determine whether given integers are squares in Qp, and thus to determine 
[Q~ ( v ~ , ~ )  : Q~]. 
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PROPOSITION 3.2: 

(1) A n  odd integer z is a square in Q2 i f  and only  i f  z _-- 1 (8). 

(2) Let  p be an odd prime.  Then an integer z, relat ively  pr ime  to p, is a square 

in Qv i f  and only  i f ( p )  = 1. 

For p an odd prime,  the square classes in Qp are represented by {1, s ,p ,  ps}  

where s is a nonsquare unit. For Q2, the square classes are represented by 

{ 1 , - 1 ,  2 , - 2 ,  5 , - 5 ,  10 , -10} .  (See, e.g., [G], p. 71.) 

For the remainder  of this section we assume, wi thout  loss of generality, t ha t  m 

and n are square-free integers. For an odd pr ime p, if p { ran, then ra, n and m n  

are all units, and so at  least one must  be a square in Q; .  Thus  for odd pr imes 

p, if [Qp(yrm,v/-n) : Qp] = 4, then p [ mn.  The s i tuat ion is more compl ica ted for 

p = 2 as it is possible for m, n, and m n  all to be nonsquare units. Therefore,  to 

determine whether  [Qp ( v ~ , v ~ )  : Qp] = 4 for a t  least two primes p, we need to 

consider only p = 2 and pr imes p dividing mn.  Observe tha t  since m is square 

free, if p [ ra then ra is not a square in Qp. 

We will write m = rt ,  n -- st  where t = g c d ( m , n ) ,  t > 0. We may  also 

assume t is odd, for if 2 [ m and 2 [ n, we can work with the square-free par ts  

of m, m n  instead. Then  r, s, t are pairwise relatively pr ime square-flee integers. 

Let ~Q = {c~} U {2, 3, 5, 7, 11 , . . .} ,  the set of all places of Q, and let 

S = {p C ~QI P is odd and [Qp (v~,vfn) : Qp] = 4}. 

Then  S is a finite set, since by the remarks  above, if p E S then p [ mn.  

Proposi t ion  3.1 can then be res ta ted as follows. 

PROPOSITION 3.3: The biquadratic extension Q(v/m,v/-n) is Q-adequate  i f  and 

only  i f  ei ther 

(1) [Qh ( v ~ , v / ~ ) :  Q2] = 4 and ISl _> 1 or 

(2) ISl _> 2. 

In addi t ion we have the following useful result. 

PROPOSITION 3.4: [Q2~Z-m,v ~ )  : Q2] = 4 i f  and only  i f m  ~ 1 (8), n ~ 1 (8) 

and ran ~ 1 (8). 

Proof: This extension has degree 4 if and only if m, n and m n  = r s t  2 are all 

non-squares in Q2. Since t is odd and rn, n are square-free, none of m, n, m n  is 

divisible by 4. Thus by Proposi t ion 3.2, an element in {m, n, ran} is a square in 

Q2 if and only if the element is congruent  to 1(8). | 
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u v w t Let Irl = I],=1 ri,  Is[ = 1-[3=1 s 3, and t = 1-Ik=l k where r,,  sj,  tk are all distinct 

primes. (In case either Irl -- 1, Isl = 1, or t = 1, the corresponding product  is the 

empty  product ,  always taken to be 1.) Observe tha t  the only primes which lie 

in S are odd primes from among {r,}, {s~ }, {tk}. The  following lemma gives the 

criteria for determining which of these primes are in S. 

LEMMA 3.5: Let r , , s3 , t  k be as above, and a s s u m e  r , , s j  are odd. Then 

(1) r, E S i f  and only i f (m,n)~ ,  = - 1 ,  

(2) s 3 C S i f  and only i f  (m,n)~j = -1 ,  and 

(3) tk C S i f  and only i f (m,n) ,k ( - -1 , tk )~  k = --1. 

Proo~ For a prime p to be in S, we need m, n, and mn all to be non-squares in 

QB, so with the nota t ion given above, rt, st, and rs should all be non-squares. If r~ 

is odd, then r~ E S if and only if ( ~ )  = - 1 ,  which is equivalent to (m, n)r, = - 1 .  

Likewise if s 3 is odd, then s 3 E S if and only if ( r t )  = - 1 ,  which is equivalent to 
8 j  / 

(m,n)s j  = - 1 .  Finally, tk e S if and only if (~s)~ = - 1 ,  but  'tktrs) = ( ~ ) ( ~ )  = 

(m,n) tk(--1 , tk) tk ,  since (m,n)tk = (-rs)tk and (--1,tk)tk = ( 2 ) "  | 

Lemma 3.5 allows Proposit ions 3.3 and 3.4 to be restated as follows: 

THEOREM 3.6: The biquadratic extension Q(v/m,v~) is Q-adequate i f  and only 

i f  one of  the following conditions holds. 

(1) m, n, m n  ~ 1(8) and there is an odd prime p [ m n  such that either p 2 ~ m n  

and (m,n)p = -1 ,  o rp  2 Iron and (m ,n )p ( -1 ,p )p  = -1 .  

(2) There are at  least two odd primesp I m n  that satisfy either of  the conditions 

in (1). 

Checking Q-adequacy of biquadrat ic  extensions thus becomes a ma t t e r  of 

checking the values of Hilbert  symbols (or Legendre symbols if one prefers) for 

odd prime divisors of m and n and congruence relations modulo 8. In certain 

cases it is possible to s tate  the congruences tha t  determine Q-adequacy of bi- 

quadrat ic  extensions solely in terms of r, s, t, thus eliminating any need to factor 

m and n beyond finding t through the Euclidean algorithm. This occurs when 

we know [Q2 (vfm,v~):  Q2] = 4 and ISI is odd. These conditions can be checked 

using Proposi t ion 3.4 above and Lemma 3.7, given below. 

LEMMA 3.7: ISI is even i f  and only i f  (m ,n )oo(m,n )2 ( -1 , t )2  = 1. 
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Proo~ Using Lemma 3.5 and Hilbert reciprocity, we have 

1 =  l-I  (m,n)p 
PESO 

= ( m , n ) ~ ( m , n ) 2  H (m,n)r, H ( m ' n ) s , H ( m ' n ) t k  
r, odd 8~ odd tk 

= ( m , n ) ~ ( m , n ) 2 ( - 1 )  Isl H(--1 , tk) tk .  
tk 

For each tk, 1 = 1-]pe~Q(-1, tk)p = (-1,  t k )~ ( -1 ,  tk)2(-1, tk)tk, and ( -1 ,  tk)~ = 

1, since tk > 0. Thus (--1,tk)tk = (--1, tk)2 and so 

1 = ( m , n ) ~ ( m , n ) 2 ( - 1 )  Isl I I ( - 1 , t k ) 2  
tk 

= (m, n)oo(m, n)2(-1)lSl(-1,  t)2. 

Thus (-1)  Isl = (m,n)oo(m,n)2( -1 , t )2 ,  giving the stated result. | 

COROLLARY 3.8: The biquadratic extension Q~/m,v~)  is Q-adequate i f  

[ ~ h ( v ~ , v ~ )  : ~h] = 4 and ISl is odd. This occurs i~and o n l y i f m ,  n, mn  ~ 1(8) 
and either at least one of m, n is positive with (m, n)2(-1,  t)2 -- -1 ,  or m, n are 

both negative with (re, n)2(-1,  t)2 = 1. 

Proof." Since [S I _> 1 if ISI is odd, Q-adequacy of the given biquadratic extension 

follows from Proposition 3.3(1). Proposition 3.4 gives the necessary and sufficient 

conditions for [Q2 (v/-m,v/-n) : Q2] = 4, and so we are reduced to determining when 

ISI is odd. By Lemma 3.7, this occurs if and only if (m, n ) ~ ( m ,  n)2(-1,  t)2 - -1 .  
Since (m, n ) ~  = 1 if and only if at least one of m, n is positive, we see that tSf is 

odd if and only if either at least one of m, n is positive with (m, n)2 (-1,  t)2 = - 1  

or m, n are both negative with (m, n)2(-1, t)2 = 1. | 

We now consider some special situations where we can use Corollary 3.8 to 

verify the Q-adequacy of the extension Q(v~,v/-n) solely in terms of simple 

congruence conditions. 

COROLLARY 3.9: Let m, n be relatively prime odd integers. Then Q(v/m,v ~ )  is 

Q-adequate i f  either 

(1) at least one of m, n is positive, m =_ n -- 3(4) and mn  =_ 5(8), or 

(2) both m and n are negative and interchanging m, n if  necessary, m ~- 5(8) 

and n - 3(4). 
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Proo~ Apply  Corol lary 3.8 with t = 1 and recall 

(m, n)2 = ( - 1 )  ( (m-W2) ' ( (n -W2) .  

COROLLARY 3.10: Let  L = Q(v/m,v ~ )  where m = rt, n = 2s't, with r , s ' , t  

pairwise relatively pr ime  and odd, and t positive. I f  at least one of  m,  n is 

positive, then L is Q-adequate i f  any of  the following conditions hold: 

(1) m -- - 1 ( 8 ) ,  s '  ~= 3(4), 

(2) m -- - 3 ( 8 ) ,  r ---- 1(4), or 

(3) m - -  3(8), s '  - 1(4). 

I f  both m and n are negative, then L is Q-adequa te  if  any  of  the following 

conditions hold: 

(1) m _= - 1 ( 8 ) ,  s '  _= 1(4), 

(2) m -  - 3 ( 8 ) ,  r -  3(4), or 

(3) m ~ 3(8), s '  ---- 3(4). 

Proo~ Since n = 2(4), the conditions m -= - 1 , - 3  or 3(8) guarantee  

[Q2 ( v ~ , v ~ ) :  Q2] = 4 

in all cases. We apply  Corol lary 3.8 by first observing tha t  

(m, n)2(-1, t)2 = (m, 2h(m, s'h(m, th(-1 ,  = (m, 2)2(m, s')2(-rt, t)2 

= (rn, 2)2(m, s ')2(r,  t)2 = ( - 1 )  ~, 

where e = ( - ~ )  + (m2--A)(K~A) + (_r.~)(k~A). If  m ---- - 1 ( 8 ) ,  then  r - - t ( 8 ) ,  
r--1 t--1 and e = K~A (2). If  m -- - 3 ( 8 ) ,  then  r _= t(4), and e -- 1 + ( - V - ) ( - - T )  (2), so 

e - 0 (2) if r - 3(4) and e - 1(2) if r = 1(4). I f  m = 3(8), then  r ~ t(4), and 

- 1 + @ !  (2). The  results then follow. | 

The  analysis of the Q-adequacy of the b iquadra t ic  extensions Q(v/-fi,v~) and 

Q(vr~ ,x /~ )  for p, q dist inct  pr imes was carried out  in [S], w When  bo th  p and 

q are odd primes,  however, the au thor  neglected to consider the degree over Q2, 

leading to some inaccurate  conclusions in these cases. The  next  corollary corrects  

these results of Schacher (IS], Theorem 3.2, Corollary 3.3 and Theo rem 3.4 (3)). 

COROLLARY 3.11: Let p, q be distinct odd primes. 

(1) Q(v@,v~) is Q-adequate i f  and only i f  either (~q) = (~p) = - 1  or p =_ q - 

3 (4), pq ~ 5 (8). 

(2) Q(v/~,v~) is (}-deficient i f  and only if  either ( ~q ) = ( ~p ) = 1 or p -- q = 3 (4), 

pq -- 1 (8). 
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(3) Q(v/---p,x/q) is Q-adequate i f  and only i f  either (~q ) = (~p) -- - 1  or p =- 

1 (4) ,  q --  3 ( 4 ) , p q  - 3 (8) .  

Proof." We prove s ta tement  (3) only; s ta tement  (1) is proved similarly and (2) 

follows easily from (1). We have ISI _> 2 if and only if ISI = 2, which occurs if and 

only if ( ~ )  = (p~) = - 1 .  We have [S[ = 1 if and only if [S[ is odd, which occurs 

if and only if ( - p , q )2  = - 1  by Lemma 3.7. Since ( -p ,q )2  = ( -1 ) -~ -1"  2~_~, 

it follows tha t  (-P,q)2 = - 1  if and only if p - 1 (4),q - 3 (4). Observe 

[Q~ (vZL-p,v~): Q2] = 4 if and only if -p ,  q , - p q  ~ 1 (8). The result now follows 

from Proposi t ion 3.3. | 

The  following two corollaries consider several other  special cases where 

Theorem 3.6 can be applied to determine precisely when the given extension 

is Q-adequate.  

COROLLARY 3.12: 

(1) Let m be an odd integer, possibly negative. Then Q(v/m,v~) is Q-adequate 

i f  and only i f  m has at  least one prime factor ri -- +3  (8). This always 

occurs / f ro  --- -4-3 (8). 

(2) Let m be a positive odd integer. Then Q(v/~,v/-L-2) is Q-adequate i f  and 

only i f  m has at least one prime factor r~ such that either ri --- - 1  (8) or 

r, --= - 3  (8). This always occurs i f  either m =- - 1  (8) or m ---- - 3  (8). 

(3) Let m be a negative odd integer. Then Q ( v / m , ~ )  is ~-adequate i f  and 

only i f  either m ~ 1 (8) and m has at  least one prime factor r~ with ri ~ - 1  

or - 3  (8), or m --- 1(8) and m has at least two prime factors congruent to 

- 1  or - 3  (8). This always occurs i f  m =- 3(8). 

Proof: Apply Theorem 3.6 to the si tuation where n = +2, t = 1. | 

COROLLARY 3.13: 

(1) Let n be a positive odd integer. The extension Q(v/--~,v ~ )  is Q-adequate i f  

and only i f  either n ~- 3(8) or at  least two prime factors of  n are congruent 

to 3(4). 

(2) Let n be a positive even integer. Then Q ~ / ~ , v ~ ) ,  is Q-adequate i f  and 

only i f  n has at  least one prime factor sj  ~- 3 (4). This always occurs i f  

n -= 6 (8) .  

Proof: Apply Theorem 3.6 to the si tuation where m = - 1 ,  t = 1. II 
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